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1 Introduction 

In this paper, we study the decay estimate for a class of dispersive equations: 

id t u = -cj)(V^A)u + f, u(0)=u {x), (1) 

where <t> : R + -> R is smooth, f(x,t), u(x,t) : R n x E -> C, n > 1, and 4>(\^A)u = 
J^" _1 0(|^|)^"u. Here & denotes Fourier transform. 

Many dispersive wave equations reduce to this type, for instance, the Schrodinger equation 
(4>(r) = r 2 ), the wave equation (4>(r) = r), the Klein-Gordon equation (4>(r) = vT + r 2 ) and 
the beam equation (4>(r) = VT + r 4 ). In 1977, Strichartz [15] derived the priori estimates of 
the solution to (pQ) in space-time norm by the Fourier restriction theorem of Stein and Tomas. 
Later, his results was improved via a dispersive estimate and duality argument (cf. and 
references therein). The dispersive estimate 

\\jW^ Uo \\ x < \t\- 6 \\u \\ x , (2) 

plays a crucial role, where X' is the dual space of X. Applying ([2]), together with a standard 
argument ([7], [E]), we can immediately get the Strichartz estimates. When <j> is a homogenous 
function of order m, namely, (p(Xr) = X m (p(r) for A > 0, one can easily obtain a dispersive 
estimate ([2]) by a theorem of Littman and dyadic decomposition, which is related to the rank of 
the Hessian ^ ). This technique also works very well when <j) is not radial ([9]). However, this 
issue becomes very complicated when <f> is not homogenous, the main reason is that the scaling 
constants can not be effectively separated from the time, cf. Brenner [3], Lavandosky [S]. In 
this paper, we overcome this difficulty via frequency localization by separating <fi between high 
and low frequency. In higher spatial dimensions, since <j) is radial, we can reduce the problem 
to an oscillatory integral in one dimension by using the Bessel function. Using the dyadic 
decomposition and some properties of the Bessel function, we can derive a decay estimate, as 
desired. Some earlier ideas on this technique can be found in [I], [3J, [8]. 



Since <f> is not homogenous, our idea is to treat the high frequency and the low frequency in 
different scales. We will assume <j> : R + — > R is smooth and satisfies 

(HI) There exists mi > 0, such that for any a > 2 and a € N, 

|0'(r)| ~ r" 11 " 1 and |</> (a) (r)| < r mi ~ Q , r > 1. 

(H2) There exists ra,2 > 0, such that for any a > 2 and a G N, 

\<f>'(r)\ ~ r" 12 " 1 and |0 {a) (r)| < r m2 " Q , < r < 1. 

(H3) There exists a\, such that 

|0" (01 ~r Ql - 2 r > 1. 

(H4) there exists 02, such that 

|0"(r)| ~r a2 ~ 2 < r < 1. 

Remark 1. (HI) and (H3) reflect the homogeneous order of <j) in high frequency. If (j) satisfies 
(HI) and (H3), then a\ < m\. Similarly, the homogeneous order of 4> in low frequency is 
described by (H2) and (H4). If 4> satisfies (H2) and (H4), then 02 > mi- The special case 
«2 = happens in the most of time. 



Let <&(#) : R n — > [0,1] be a even, smooth radial function such that supp<I> C {x : \x\ < 2}, 
and $(x) = 1, if \x\ < 1. Let tp( x ) = &{x) — 3>(2x), and A& be the Littlewood-Paley projector, 
namely A k f = &~ 1 ip(2~ k ^)^f. Let P< f = J*"/. Now we state our main result: 

Theorem 1. Assume (ft : R + — ► R is smooth away from origin, We have the following results, 
(a) For k > 0, 4> satisfies (HI), then 

He^^AfeUolloo < \t\- e 2 k ^- m ^\\u \\ u 0<9< (3) 
In addition, if <fi satisfies (H3), then 

■J.J./ / a~\ n — 1 + 9 1 1 m ~[ (n—1 + 6) 9(a-\ -mi ) \ 

||e^^A fc n ||oo < \t\ 2^2^-— 2 2 V0II1, < < 1. (4) 

f&) For k < 0, 4> satisfies (H2), then 

He^^AfcUolloo < ir e 2 fe(n - m2e) ||n ||i, < 9 < (5) 
In addition, if cp satisfies (H4), then 

■J.J./ / a~\ n — 1 + j / mn(n— 1 + 9) 9(oco— mo) \ 

||e^^A fc n ||oo < \t\ ^2 k( < n -—2 2 V0II1, < < 1. (6) 

(c) If 4> satisfies (H2), then 

||e^^P<o^o||oo < (1 + |t|)-*||«o||i, = min ( — , ^) . (7) 
In addition, if(H4) holds and 02 = ffi2, then 

||e ^ (v ^A)^ oUo||oo < (1 + itD^n^n^ ^ = min (JL, ^ . ( 8 ) 
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Remark 2. If m\ = a\ and (HI) and (H3) hold, one can easily verify that for k > 0, Q and 
(jlj) are equivalent to 

He^^AfcUolloo < \t\- e 2 k ^~ m ^\\u \\i, 0<6<^. 

If 7Tt2 = 02 and (H2) and (H4) hold, one can easily verify that for k < 0, ((SJ) and (JBJ) are 
equivalent to 

|| e ^(^) Afc «o||oc < |t|- e 2 fc ( n - m2e )||n ||i, < < |. 

Throughout this paper, C > 1 and c < 1 will denote positive universal constants, which can 
be different at different places. A < B means that A < CB, and A ~ B stands for A < B 
and B < A. We denote by p' the dual number of p G [1, oo], i.e., 1/p + 1/p' = 1. We will use 
Lebesgue spaces L p := L p (M n ), || • || p := || • || LP , Sobolev spaces i?| = (J — A)- S / 2 L P , ^ s := fl|. 
Let 1 < p, g < oo. Besov spaces are defined in the following way: 

= {/ G «S'(M") : ||/||^ := (||P< /||1 P + fj 2 fc ^|| A./H^y 7 " < oo}. 

Some properties of these function spaces can be found in [21 [16]. 

The rest of this paper is organized as follows. In Section 2, we prove Theorem [TJ In Section 3, 
we derive Strichartz estimate in a general setting. Some applications will be given in Sections 4 
and 5. 



2 Decay Estimate 

In this section we will prove Theorem [TJ The proof for the case n = 1 is direct and simple, but 
reflects the idea for the higher dimension. 

Proof of Theorem [TJ Since the proof in the case n = 1 is slightly different from the case of 
higher spatial dimensions, we divide the proof into the following two steps. 

Step 1. We consider the case n = 1. First, we prove (a). It follows from Young's inequality 
that 

He^^A^olloo < ||^- 1 e^l«^(2-^|)||oo||n ||i 

< ||ifc||oo||«o||lj 

where we assume that 

I k ( x ) = ^- 1 ( e ^(l«l)v»(2- fc |^|))(2- fc x) = 2 k J e"V^ (2fc ^(£R. (9) 
We immediately get that 

Halloo <2 fc , (10) 

which is the result of ([3]), as desired. Now we assume (H3) holds. Let MO = x£ + t(j>(2 k £), 
then |</>i(£)l > |i|2 fcQl on the support of ifi. Thus by van der Corput's Lemma (see [12]) we can 
get 

HAlloo < \t\-h k ^\ (11) 
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By an interpolation between (fTUj) and (fTTI) . we get for < 9 < 1, 

II4IU < \t\-h^\ 

which completes the proof of (a) in the case n = 1. 

The proof of (b) is similar to (a) and we omit the details. Now we turn to the proof of (c). 
First, we consider the case mo < 2. Fix < 9 < min(— , i) = i. Since 9 < — , it follows from 
(b) that 

k<0 

Taking 9 = or 9 = min(^j, |), we get the result. 

Next, we consider the case mi > 2. One easily sees that (|12p holds also in the case m<i > 2 
and # = 0. So, it suffices to consider the case m,2 > 2 and 9 = min(-^-, ^) = — . By simple 

v 7T12 ^ ' 'T'2 

calculation, we get that for any m > 0, 



d m / 1 



-)< eGsup p^. (13) 



Thus, if \x\ < 1, then \d^ l (e lx ^ijj(^))\ < 1, and integrating by part we can get that for any q > 0, 

\h(x)\ < \t\-^ l - m ^. 

If \x\ > 1, let ko be the smallest integer such that \x\ < \t\2 k ° m2 , then \x\ « |t|2 fe ° m2 . For 
|/c — A;o| > C» 1, one has that 1^(^)1 > c\t\2 km2 , integrating by part we can get that for any 
q > (see ([H]) below), 

\h(x)\ < \t\-^- m ™\ 
For \k — k$\ < C, noticing that |x| > 1 and rri2 > 2, we have 

/-. TTl-2 \ 1 

I4(x)| < < |t|-*(5) <\tr^. 

Therefore, taking q sufficiently large, we have 

iE 7 ^)i ^ E E i j *o«oi 

< e 1*1"™^+ E 2fc + E \t\~ q 2 k ( i ~ m2g " > 

i_ 

< lil m 2 , 

rsj I I 5 

which completes the proof of (c). 

Step 2. We consider the case n > 2. Our idea is as follows: First, we reduce the problem 
to an oscillatory integral in one dimension relating the Bessel function by changing to polar 
coordinates; Next, we divide the discussion into two cases: in one case we use the vanishing 
property at the origin and the recurring property for the Bessel function, and in another case 
we use the decay property of the Bessel function. We denote by J m (r) the Bessel function: 

J m (r) = - \\ > 1/9 / e irt (l - er^dt, m>-l/2. 



r(m + l/2)7rV2 j_ x 

We first list some properties of J m ( r ) m the following lemma. For their proof we refer the readers 
to p], [5]. 
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Lemma 1 (Properties of the Bessel function). We have for < r < oo and m > — \ 

(i) J m (r) < Cr m , 

(ii) f r {r- m J m (r)) = - r - m J m+1 (r), 

(iii) J m (r) < Cr~2. 

It is well known that the Fourier transform of a radial function / is still radial and (cf. 

poo 

/(£) = 2vr / f(r)r n -\r\i\y^J^(r\i\)dr, (14) 
From (i) and (ii) of Lemma [H we can easily get that for < s < 2 and for any k > 0, 



^_ ^( r ) r n-l( rs )-(n-2)/2 J ^ (rs) 

or V 2 



< c fc . 



(15) 



If m = — ^y^, J m ( r ) is connected to the Fourier transform of the spherical surface measure. It 
is known that (see [6], Ch. 1, Equation (1.5)), 

r-^Jn_2(r) = c n ^(e ir h(r)), 

where h satisfies 



\d k h(r)\<c k (l + r) 
From (|17p . we get that, for s > 2 and for any k > 0, 



(^( r ) r n-i/j( rs )) 



(16) 
(17) 

(18) 



We now show the proof of (a). It follows from Young's inequality that 

|| e ^(^A) AfcMo || oo = [|^-l e *^l)^(2-*|e|)^«o[|oo 

< ||^-i e ^(l?l)v ) (2- fc |e|)||oo||^o||i. 

In view of (|14p we have 

^- 1 (e < ^D^(2- fc |C|))(a:) =2 kn ^- 1 (e it ^ 2k ^^\))(2 k \x\) 



2 kn I e ^(2^( r yn-i( r2 fc s )-Vj^( r 2 fe sW 

2 

fe. 



n-2 



:=II k (2 K s), 
where s = \x\. It suffices to show 

\\ih(s)\\oo<\tr e 2 k{n - mi6) - 

From (i) of Lemma [U we obtain the trivial estimate for 9 = 

\\II k (s)\\ OQ <2 kn . 
We will discuss it in following two cases. 



(19) 



Case 1. s < 2. In this case, we will use the vanishing property of the Bessel function at the 
origin. Denote D r = ^, (2 \ r)2 fe ^- We see that 



D r (e u ^ 2kr) ) = e u ^ 2kr \ (D r )*f 



1 d 



it2 k dr \cj)'(2 k r) 
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From (HI), we get that for any m > and r ~ 1, 

d m ( 1 



dr m \(j)'(2 k r) 

Let i^{r) = ^(r)r n_1 . Using integration by part, we have for any q E 
II k (s) = 2 kn / e*^ 2 r ^(r)(rs)- 2 ^J s=2 (rs)dr 

/■oo 

= 2 fcn / D r {e it ^ 2kr ^{r){rs)-^J^ 1 {rs)dr 



< c m 2- fc ( mi - 1 \ (20) 



oo 

V? 

2 

nfcn /<oo j / -i 







it2 fc 7 



dr V^'^r) A ; — v 7 



(it2 fc ) 



EEC 



q,m 



m=Ol 1) ...l q eA? n 

■f^ ( " r) ft* (^)) ^ (^r){rs)-^J^{rs)) dr, (21) 

where = {h, . . . , l q G Z+ : < h < . . . < l q < q, h + . . . l g = m}. It follows from (JEJ), ([20]) 
and OTj) that, for any g 6 Z + , 

|/J fc (a)| < |t|-5 2 fe (™— (22) 

Interpolating ((22} with ([15]). we get that for any 6 > 0, |4(s)| < |t|-f2 fc ( n-mi0 ), which completes 
the proof of (a) in this case. 

Case 2. s > 2. In this case, we will use the decay property of Bessel function. It follows from 
CE]) that 

/•oo 

II k (s) = c n 2 kn e it ^ 2kr) i>{r){e irs h{rs) + e- irs h{rs))dr 



o 



oo rco 



= c n 2 kn / e i{t<f,{2kr)+rs) ^(r)h(rs)dr + c n 2 kn / e im2 " r) ~ rs) i){r)h{rs)dr 

Jo Jo 
:= B ± + B 2 . 

Without loss of generality, we can assume that t > and <j)'{r) > 0. For B\, let 4>i(r) = 
t(p(2 k r) + rs. Note that ^(r) = t2 fc </> / (2 fc r) + s > ct2 fcmi , and (gU]) also holds if we replace 4> by 
01. Noticing (fT8|) . analogous to Case 1 we can get that for any 6 > 0, 



\Bi\ < \t\- e 2 k{n - mi8) . 

For B 2 , let 2 (r) = ic/>(2 fc r) - rs. We note that if s = t2 k (j)'(2 k r), then 4>' 2 (r) = 0. We divide the 
discussion into the following two cases. 

Case 2a. s > 2sup r6 r 1 / 2j 2] t2 k cj)'(2 k r) or s < \ i ni re[i/2,2] t2 k (f)'(2 k r). In this case, we see that 
W 2 {r)\ > ct2 kmi if r ~ 1, and ([H also holds if one replaces <fi by (p 2 . By (fT8|) , we can get that 
for any 8 > 0, 

|B 2 | < \t\- 9 2 k{ - n ~ mie) . 

Case 2b. | inf re[1 / 2 ,2] t2 k (j)'{2 k r) <s< 2 sup re[1/22] t2 k <t>' \2 k r). It follows from CED that 

|S 2 | < 2 fc " S " V < t" V 2 fe (-- 1 ^). (23) 
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Interpolating ((23j) with we get that for < 9 < ®=±, 



\B 2 \<r e ^ k{n ~ mie) - (24) 



If (H3) holds in addition, then |$[(r)| > t2 ka K It follows from van der Corput's Lemma that 



00 d 



\B 2 \ < {t2 kai )- 1 / 2 |f(^(r)/i(rs))|(ir < r «/2 2 M«-f ( 25 ) 
Jo " r 

Therefore, interpolating ([25]) with fl2H) and using the fact that for < 9 < 1, ra ~^ +e = (1 - 
0)^+8%, we get 

n~l + j r Wii (n — 1 + 0) 0(e*i -mi ) \ 

<|*| ^2 fc ("-^ V^), 0<(9<1, 

which completes the proof of (a). 



The proof of (b) is similar to that of (a) and we omit the details. Now we turn to proof of (c). 
Fix < 9 < min(^, 2=1), If 9 < then n - m 2 9 > 0. From (b), we have 

lle^^P^olloc < £ II^^A^q^IU 

k=— oo 
2 

< Yl itr e 2 fc( "- m2e) iip< n iii 

k=— oo 

< \t\- 6 \\P< u \\x. 

Now we assume 2=1 > and 9 = ^ in the following discussion. From the proof of (b), we 
know that, if k < and s ~ i2 fc ° m2 > 2, then 

n— 1 7 f (n-l)mo \ 

< rj m 2 . 

If |fc - fc | > C > 1, then 

l^fcWI < t~ a 2 k ( n ~ m2a \ V a > 0. 
Therefore, choosing a large, we have 

I^<o00l < £ £ |// fc («)| 

|fc-fc |<C |fc-fc |>C 

< t~"*2 + 2 fcn + ^-«2 fc ( n - m 2a) 

1_ 1_ 

2 fc <t m 2 2 k >t m 2 

_ n 

< t '"2 . 

If in addition (H4) holds, the proof is similar. We omit the details. □ 

Remark 3. It's easy to see that in the case n = 1 we did not use the properties that <p is 
even. Our method is also adapted to more general radial (j). But it seems difficult to apply for 
non-radial <b. 
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3 Strichartz Estimate 



In this section, we show the Strichartz estimate by using the decay estimates obtained in Section 
[2j We will work in an general setting in this section and apply it to some concrete equation 
in the next section. Our method is using duality argument. We mention that this argument is 
quite standard. We will omit most of the proof, and refer the reader to [7J for details. Here we 
use an argument in [T7]. Since the decay rate is different between \t\ > 1 and \t\ < 1, we will 
need a variant Hardy-Littlewood-Sobolev inequality. 

Lemma 2. Assume 71,72 £ K, let 

' M~ 71 , \y\ < 1, 
lyl -72 , \y\ > 1, 

Assume that one of the following conditions holds, 



Ky) 



1 _i_ 1 71 



( / a y )0<7i=72<n, 1 < p < q < 00 and 1 - - + q 
(b) 71 < 72, < 71 < n, 1< p < g < 00 and 1 - ± + | = ^, 
fcj 71 < 72, < 72 < n, 1 < p < q < 00 and 1 - | + | = ^ , 
fdj 71 < 72, 1 < P < 9 < 00 and £ < 1 - \ + I < 
We have 



ll/*fc||«,<imip- 

Proof. By splitting M n into |y| > 1 and \y\ < 1, we can easily get the results by following 
Hardy-Littlewood-Sobolev's and Young's inequalities. □ 

Definition 1. Given 0\ < #2, say q belongs to E(6i, 62) if one of the following holds: 

(a) < 0i = 6 2 < 1 and q= j^, 

(b) 6>i < 2 , < 0i < 1 and g = |-, 

(cj 01 < 2 , < 2 < 1 GWld <? = 

(d) 0i < 2 , 2 < g < 00 and 1 < | < 2 . 

We now give the Strichartz estimate. Denote 

t 



U(t) = e ^(^), ^/=/ l/(t-r)/(r,-)dr. 







We assume that, for 2 < p < 00, a := a(p) G R, and 0i < 02, 



l|f/(*)/l|B« 2 <fc(*)ll/ll B o, 9 , (26) 



where 

i<r ff s 1*1 < !> 

Itl" 02 , Itl > 1. 



fc(t) 



Using Lemma [2] and standard duality argument, we can prove the following proposition. We 
omit its proof and refer the reader to see [7J, [T7j . 

Proposition 1. Assume U(t) satisfies (|26p . i/ten we /taue /or g G £7(0i,0 2 ), i)6K, and T > 0, 







< 1 


Mm, 




IWIIx,(. 




< 1 






M/ll LOO( _ 


-T,T;H v+! i) 


< 1 




-t,t-,b;, 2 ) 






< 1 


I/IIlm- 


-T,T;Hv)- 
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Remark 4. The endpoint case 9i = 1 also holds by following Keel and Tao's ideas in [?|, but 
we will not pursue this issue in this paper. 



4 Application 

In this section we will apply Theorem [T] in Section 2 to some concrete equations. Our results 
below can cover some known results so far, and make some improvements and provide simple 
proofs for the Klein-Gordon equation and the Beam equation. A simple case is the semi-group 
e it(-A)p ^ ^ > o, we do not list its estimates and one can get the desired estimates by using the 
same way as in the following Klein-Gordon equation. 

1 (Klein-Gordon equation). First, we consider the Klein-Gordon equation, 



duu — Au + u = F, 

u(0) = u (x), ut(0) = ui(x). 



(27) 



By Duhamel's principle, we get 

u = K'(t)u + Ktym -I Kit- t)F(t)cIt, 

Jo 

where 

K(t) = uj- 1 sm(toj), K'(t) = cos(tw), u = \/I-A. 

This reduces to the semigroup K±(t) := g^U-A) 1 / 2 ^ w j a j c j 1 corresponds to <p(r) = (1 +r 2 ) 1 / 2 . 
By simple calculation, 

(t>'( r ) = r/(l +r 2 )2, 0"( r ) = 1/(1 + r 2 )t, 
we see that cf> satisfies (HI), (H2), (H3) and (H4) with mi = 1, a± = —1, m<i = «2 = 2. 

Proposition 2. Assume 2 < p < oo, 1 < q < oo, | + ^7 = 1;^=^ — |- 

(i) Let < < 1, and (n + 1 + 9)5 = 1 + s' — s, we have 

\\K(t)g\\B kq <\t\- {n - 1+e)5 \\g\\ BK . 

P ,9 

(ii) Let < 9 < n — 1, and (n + 1 + 9)5 = 1 + s' — s, we have 

\\K{t)9\\B lq <\t\- {n - l - e)S \\g\\ B , . 

p',q 

(hi) In particular, one has that for 9 £ [0, 1], (n + 1 + 9)5 < 1 + s' — s, 



\\K(t)g\\ Bg <k(t)\\g\\ BS , , k(t) 



B s 



|^|min(l+s' — s— 2?i(5, 0) |^| <^ 
U|_ (n _l +9)tf , t , > L 



Proof. First, we show the results of (i). It follows from (c) of Theorem [T] and Plancherel's 
identity that, 

||^ + (t)P< n ||oo < |tr (n - 1+0)/2 ||P<ou o ||i, 
||K + (t)P<on ||2 < ||P<o«o||2- 
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From (Jll) of Theorem [T] and Plancherel's identity, we can get for k > 0, 

||K + (t)A fc u ||oo < |*| a 2 fe a ||Z^ fc ^o||i, 
||K + (t)A fc no|| 2 < [|AjfcU [|2- 

Thus by Riesz-Thorin theorem, 

\\K + (t)P< u \\ p < |t|- (n - 1+e)5 ||P<ou || P ', 
\\K + (t)A kUo \\ p < \t\-^- 1+ ^2 k ^+ e ^ k u4 p , 

Therefore, it follows from (n + 1 + 0)5 = 1 + s' — s that 

\\K(t)u \\ B s q <\t\-( n - 1+ W\\u \\ Ba , , 

P ,8 

which completes the proof of (i). 
Next, we prove (ii). Let us rewrite ([3]) as 



\\K + (t)A k u \\oo < \t\-^ A 2 k!1± ¥ :l \\A k uo\\i, 0<6<n-l. (28) 
((JJ) implies that 

||ir + (t)P<o« Q ||oo<|ir^||P<o«o||i, O<0<n-1. (29) 

Hence, using the same way as in the proof of (i), we can easily get the results of (ii). 

Following the proofs above, one can get the results of (hi). Indeed, it suffices to consider the 
case \t\ < 1, & € [0, 1] and 1 + s' — s — 2n5 > 0. If this case occurs, taking 9 = n — 1 in (|28|) and 



(|29j) one has the result, as desired. □ 

2 (Beam equation). We now consider the Beam equation, in some literature it is called fourth 
order wave equations, 

d tt u + A 2 u + u = F, 
u(0) = u (x), u t (0) = m(x). 

By Duhamel's principle, we have 



u = B'(t)u + B{t)ui - I B(t- t )F(t )dr 

Jo 



where 



B(t) = sin(tw), B'(t) = cos(to), u = \/l + A 2 . 



This reduces to the semigroup B±(t) := e ^ it ( I +^- 2 ) 1 ^ 2 ; which corresponding to (f>(r) = (1 + r 4 ) 1 / 2 . 
By simple calculation, 

<j>\r) = 2r 3 /(l + r 4 )5, 0"(r) = (6r 2 + 2r 6 )/(l + r 4 )§, 

we know that <ft satisfies (HI), (H2), (H3) and (H4) with m\ = a\ = 2, mi = a 2 = 4. 
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Proposition 3. Assume 2 < p < oo, - + ^ = 1, 1 < q < oo, 5 = ^ — ^, and < 2 + s' — s, then 

\\B(t)g\\ B s q <k(t)\\g\\ 

where 



B", ' 
p ,q 



k(t) 



|min(l+§~ f-ntf, 0) ui < 1 



n<5 . . 

~, t>l. 



Proof. First, we prove the case \t\ > 1. It follows from (c) of Theorem [T] by setting 9 = j and 
Riesz-Thorin interpolation theorem that 

\\B + (t)P<ou \\ p <\t\~^ s \\P< oUo \\ p/ . 

From (a) of Theorem [1] by setting 9 = S and interpolation, we get for k > 0, 

||5 + (t)A fc uo|| P < \t\- n5 \\A k u \\ p ', 

and then we have 

2 ks \\(I + A 2 )- 1/2 B + (t)A k u \\ P < \t\-¥2 ks '\\A k u \\ p/ . 

Therefore, 



\\B(t)g\\ B s < \tr% s \\g\\ BS , , 

V ,9 



which completes the proof of the proposition in this case. 
For \t\ < 1, from (c) of Theorem Q] by setting 9 = and interpolation, we get 

+ A 2 )-V2B + (t)P< «o||p < \\P<ou \\ P >. 
For k > 0, from (a) of Theorem 1 and interpolation, we get for < 9 < ^, 

\\B + (t)A k u \\ p < \t\- 2e5 2 2k ^ s \\A k u \\ pf , 

and then that 

2 ks \\(I + ^ 2 )- 1/2 B+(t)A k uo\\ p < |ir 2M 2- fe ( 2+s '- s - 2 ( n - 20 )' 5 )2 fcs '||A fc «o|| P '- 

If0<2 + s'-s< 2n5, then we can choose < 9 < § such that 2 + s' - s - 2n5 = -495. If 
2 + s' — s > 2nd, then we choose 9 = 0. Thus we get 

2 ks \\(I + A 2 )- 1 / 2 B + {t)A k u Q \\ p < \ t \^+i-i-^> °)2 fcs '||A fc n || p '. 

Therefore, 

which completes the proof of the proposition. □ 
Corollary 1. Assume 2 < q < oo, u(t) be the solution of (I30p with F = 0. Then 

\\u(t)\\Li(R^)<k(t)(\\u \\ w2tq > + ||m|| x? '), (31) 

where 

f . o), |j| < Xj 



fc(t) 



n n 



v 1*1 29 4 , 1*1 > 1- 
Furthermore, if uq = tften /or |£| < \, 

IK*)II«<I*| 1+ " 2 
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Remark 5. Corollary [T] is a slightly modified version of Theorem 2.1 in [8]. Actually, our result 
is slightly stronger except for q = oo which is due to the failure of Littlewood-Paley theory. 



Proof. From Duhamel's principle, Proposition [3] by setting s = s' = and embedding theorem, 
we immediately get (|31|) , Now we assume uq = and 1 + ^ — ^ > 0. If n > 2, then from 
Proposition [3] we have for |i| < 1, 

|L _1 sin(tu;)ui|Lo IMIb? „, 

and interpolating this with the trivial estimate, 

H^ 1 sin(fct>)ui|| 2 <|t| • |K|| 2 , 

we get that 

-i r n, n 

\Wt)\\ q <\t\ « 2 hi\\ q >- 

For n = 1, it suffices to show 

|L~ 1 sin(ta;)tti|L <\t\? ||«i|| B ? ■ 
Using Young's inequality, we can easily prove it. We omit the details. □ 

3 (Fourth order Schrodinger equation). Finally, we consider the fourth order Schrodinger 
equation. It is given by 

id t u + A 2 u - An = F, u{0)=u (x). (32) 

By Duhamel's principle, 

u = U(t)u -I U(t- t)F(t)oIt 



Jo 

where 

which corresponding to <p(r) = r 2 + r 4 . By simple calculation, we know 4> satisfies (HI), (H2), 
(H3) and (H4) with m\ = ot\ = 4, m-2 = a 2 = 2. 

Proposition 4. Assume 2 < p < 00, - + = 1, 1 < 9 < 00, 5 = | — p, —2n5 < s' — s, then 

\\U(t)g\\ B s q <k(t)\\g\\ Ba , 

where 



k(t) 



|£| j mm(s'—s—2n5, 0) |^| j 
Itl"' 1 ' 5 , Itl > 1. 



Proof. For |t| < 1, it follows from (c) of theorem [T] by setting = that 

\\U(t)P< u \\ p < ||P< «o|| P '. 
For k > 0, from (a) of Theorem Q] and interpolation, we get for < 8 < ^, 

\\U(t)A k u \\ p < \t\- 2e5 2 2k ^~^ 5 \\A k u \\ p ', 
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and then that 

2 ks \\U(t)A k u \\ p < \t\- 2e5 2-^ s '- s -^ n ~^ s h ks '\\A k u \\ p/ . 

If —2nd < s' — s < 2n5, then we can choose < < ^ such that s' — s — 2n5 = —885. If 
s' — s > 2n5, then we choose 6 = 0. Thus we get 

2 ks \\U(t)A k u \\ p < |t|* °h ks '\\A k u \\ p ,. 

Therefore, we get 

\\U(t)g\\ B s q <\t\i^ s '- s - 2 ^^\\g\\ Bs/ , 

p' ,q 

which completes the proof in the case \t\ < 1. 

For the case \t\ > 1, we can follow the same way as in the proof of Proposition [3] to get the 
result, which completes the proof. □ 

5 Nonlinear Klein-Gordon and Beam equations 

We consider the Cauchy problem for the nonlinear Klein-Gordon equation (NLKG) 

d tt u- Au + u = \u\ K+1 , u(0) =u (x), ut(0) =u x (x). (33) 
By Duhamel's principle, NLKG is equivalent to 



K'{t)u + K{t)ux- [ K{t-T)\u{r)\ 1+K dT. 
Jo 



If k > 4/n, the global well posedness and the scattering with small data in H s were studied in 
[10| [TT1 HU [HI HH1 [21] . When Strauss [H] studied the existence of the scattering operators at 
low energy, an important critical power k(ji) of the following NLKG 

dttu + u- Au + \u\ K+1 u = (34) 

was discovered, where 

, . 2 - n + Vn 2 + Yin + 4 
K (n) = . 

Strauss [13] obtained the existence of the scattering operators at low energy of Eq. (|34p in the 
case k{vl) < k < 4/(n — 1). Since Eq. (j33[) has no conservation of energy, the technique in 
|14j can not be directly applied for Eq. (|33l) . However, using the basic decay estimates of the 
Klein-Gordon equation, we have 

Theorem 2. Let K {n) < k < 4/n, g{k) = |gf|, («o,«i) G ^ ( CT 2 ( +i )/(1+K) x H ^+~y {1+K ) with 
sufficiently small norm. Then Eq. (|33|) /ias a unique solution 

u e C(M, H K ^ 2+K ^>) n L 1+K (M, L 2+K (E n )). 
Proof. We present a quite simple proof. Using the basic decay of i^(i) and K'(t), we have 
||#'(iM)||2+K < A;(i)||ii |La(«) , \\K(t)ux\\2+ K <k(t)\\ui\\ n a( K )-i 
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where 



k(t) 



m min (f§+!}> °) 



\t\ 2 ( 2 + K ) , 

Noticing that if n(n) < k < 4/n, then we have 

k(u - 2) 



\t\ < 1, 
1*1 > 1. 



(1 + re) 

v y 2(2 + re) 
It follows that fe(-) G L 1+/t (R n ) and 



< 1, (1 + k) 



2(2 + re) 



> 1, cr(re) < 1. 



\\ K (*) u o|Ul+«(R, L 2 +*) ^ ll^oll^W i [|-K'(*)^l[|i 1 +' S (K, L 2 + K ) ~ ll u l|l h ct(k)-i 

"(2+k)/(1+«) - n (2+ K )/(l + ,t) 

In view of Young's and Holder's inequalities, 



K{t-T)\ U {T)\ 1+K dT 



II 1^1 Ilrl+KCIB I/^M -1 "l 

Ll+«(R, L 2 + K ) ^ "(2+ K )/(l+«)' 1 

< ll«ll K+1 



Taking M = 2C(||uo|| „ CT ( K ) + ) and 

- H (2 +K )/(l + K ) il (2+«)/(l+K) 

I = {h£ L 1+K (IR, L 2+K ) : |M| L i+« (R) L 2 +K) < M}. 
Observing the mapping 

^ K'(t)u +K(t) Ul - [ K{t-T)\u{r)\ 1+K dT, 

Jo 



we have 



\&u\\ x < M/2 + CM 



l + K 



If CM K < 1/2, we see that & : X — > X is a contraction mapping. Hence, Eq. (|33p has a unique 
solution u €z X. Moreover, 



/ I, | 1 1 1 1 1 1 I I /C | 1 1 1 

Il°°(k, h«/(2+«)) lFo||jf«/(2+«) + |pi||fl--2/(2+«) + IIl 1 (m,//- 2 /( 2 +«)) 



Using the embedding H&K,, 1+k) C ff«/( 2 +«0, we immediately get that it G L°°(R, H K ^ 2+ ^] 



□ 



Using the method as in the NLKG, we consider the Cauchy problem for the nonlinear Beam 
equation (NLB) 



d tt u + A 2 u + u = \u\ K+1 , u(0) = tto(a;), u t (0) = u\(x). 
By Duhamel's principle, NLB is equivalent to 



(35) 



u = B'(t)u + B(t)ui - f B(t-T)\ U {T)\ 1+K dT. 

Jo 



If re > 8/rt, the global well posedness and scattering with small data for the NLB were studied 
in [8], [20]. Following the same ideas as in the NLKG, we find a critical power 



K B {n) 



4 - n + Vn 2 + 24n + 16 
2^ ' 



14 



Theorem 3. Let K B (n) < k < 8/n, <t(k) = - j^, a(n) < s < 2, s 2 = s - 2{ ™ k) , 

{uq,u\) G -ff( S 2 +K)/(i+K) x ^(2+k)/(i+k) sufficiently small norm. Then Eq. ([35]) has a unique 
solution 

u£C(R, H S2 )nL 1+K (R, L 2+K (R n )). 

Proof. The proof is similar to that of Theorem [2j It is easy to verify that ct(k) G (0,2). Using 
the basic decay of B(t) and B'(t), we have 



\B'(t)u h +K £ ^Nlk* \\B(t) Ul \\ 2+K < k(t)\\ Ul \ 



ts~2 



where 

kit) = { 



| t | min (f-2(ffe)' °) M < 1 



\t\ 4 ( 2+K > , \t\ > 1. 

Noticing that if kb(ti) < k < 8/n and cf(k) < s < 2, then we have 

/-, \ ( nK s \ -, s nn 

(1 + k) — r < 1, + > 1. 

v j \2(2 + k) 2 J y 4(2 + k) 

It follows that k(-) G L 1+K (M n ) and 

II- 6 (*)' u o||li+«(]R, l 2 +>=) < II u o||h?„. wn . o \\B(t)ui\\ L i+Kr R L 2+ K) < 

V ' (2+K)/(l + K) \ I - IJ (2+ K )/(1 + K ) 



In view of Young's and Holder's inequalities, 



t 

B(t-T)\u(T)\ 1+K dT 







< llld K+1 



lL 1 + K (R, L' 2 +*)- 

Then, following the same way as in the proof of Theorem [21 we can prove the result, as desired. 

□ 
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